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In [1,2] the problem was investigated of the construction of periodic
solutions of nonautonomous quasilinear systems with one degree of free-
dom for the case of simple roots of the equation of the fundamental
ampl itudes, and also for the case of multiple roots with some auxiliary
conditions. It was shown that the solution was representable in these
cases in the form of an infinite series involving only integer powers of
a small parameter p. In the present paper the problem is considered of
the construction of periodic solutions of such systems for the case of
double roots of the equation of the fundamental amplitudes in the form
of pgygr series with not only integer powers of p but also with powers
of pn .

1. We shall consider the following oscillatory system with one degree
of freedom:

d’z dx
Gt =10+ (n oz 5 ) .0

The quantity p is a small positive parameter. Let us assume that the
function f(t) is a continuous periodic function of time t with period 2w
whose Fourier expansion does not contain harmonics of the ath order (a
is an integer); the function F is assumed to be amalytic in the vari-
ables x, x and 4, and to be periodic in t of period 2w.

The generated equation (when u = 0) has the general form
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B
2a () =@ (1) + Agcosmt + *—nf- sin mt

which depends on two arbitrary constants Ao and Bo. The function @(t) is
a particular periodic solution of (1.1) when i = 0,

We shall use the method of Poincaré for finding the periodic solution
of the System (1.1) which reduces to the solution zg (1) when u = 0. Here-
by we shall make use of the following initial conditions

2 (0) =20 (0) + B, & (0) == £ (0) + Bq

where B, and P, are functions of u which vanish when u = 0. According to
[2], the solution x(t, By, By, 1) can be expressed in the form

B
z (t, By B2, 1) = @ (t) 4+ (Ao + By) cos mt - oj,: Be sin mt 4

< 3Ca(t) . 9Ca(t 1 3C,, (¢ &, (t
-+ Z {Cn )+ (';:4(0)31 + 6%5) )!32 + 9 aAoz( )312 -+ 6;456%1‘8182_%—

n-=}

18C, (¢ n

5 agoﬁ’a,z+.<.],, (1.2)

Here
1 b4
Cal)= —n;g H, () sinm (¢t — ;) dy (1.3)

1]
The functions Hn(tl) are computed with the aid of the definite rela-
tions (1.10) to (1.12) of {2]. Let us write down the conditions for the
periodicity of the function x(t, PB,, B, w

x
aC ac 1 &C ac 1 ¢
Z [C" @m) + aA: B+ aB: B: +5 aA““;: Bs? +m§§081ﬁz +'2—m2*822+.“] pt=0
. (1.4)
. aC aC 1 9 ?1C. t ¢
Z [Cn (27)+- 3A:: Br + aB: Be +_2' aA;: B2+ 6.4031;303182+_§ BBS Bkz+-..]pn=é0

I

Here the derivatives Cn and Cn with respect to A, and B0 are taken
with t = 2w, B; = Py = u = 0. The left-hand sides of (1.4) are holo-
morphic functions in the neighborhood of B, = B, = u = 0. Equations (1.4)
can be used to determine the values Bl(u) and Bz(u). Knowing these
values, and also'cn(t) in (1.3), one can find the periodic solution of
(1.1) on the basis of (1.3).

In this manner, it 1is seen that our problem has been reduced to the
determination of the conditions for the existence and construction of
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two implicit functions B, and P, of the variable TREIN

For the determination of the constants ‘o and B0 in the solution we
have the equation of the fundamental amplitudes

Cy (2m) =0, Ci1(2n) =0 (1.5)

The case when these equations reduce to identities will be considered
separately in this paper in Section 3. We shall use the notation

_|8C1/34, 9Cy1/8B,
T 18C1/084; 3C, /8B,

_|3C1/8B, Cy
’ 17136, 18B, €y

In the case of simple roots of Equation (1.5), the determinant A # 0
and the functions P;(w), Py(w), =x(t. B;, By, M) are constructed in the
form of series involving only integer power of u in the manner shown in

[2].

2. The condition A = 0 indicates that the roots of the equation of
the fundamental amplitudes are not simple. In the sequel we shall con-
sider only the case of double roots of Equation (1.5). It is easy to
show that in this case

3Gy _630_1(39.1.)3 9 #C1_ 3C: 9C, | ¥y (601 )2
aBo aAoa aBO - aAoaBo aAo aBO + aBoi aAo

AY =

¢y ¢ (ac‘1 )2 #C, 1 #C, 1 80 \2 +0@Y
2B,  0A47\9B,) —254,3B, 94, 9B, T 9By ( aA.,)

The expression A* is not unique, for, since A = 0, it is obvious that
one may replace the differentiation with respect to Ao by the differ-
entiation with respect to Bo in (2.1), and conversely. However, in the
case when C1 = Cl(Ao), Cl = Cl(Bo) or C& = Cl(Bo)' C1 = CI(AO). the con-
dition for double roots im (2.1) is not valid, and one must replace it
by

Lo ¢y 8°C 90y
EY *+0, 3By #=0 or aBo; +0, A %0

From the expression (2.1) for A* it follows that not a single term
9C, /3A,, 3C1/3Bv 3CI/BA0, or 'BCI/BB0 is zero. In view of the fact that
BCI/BBo # 0, we have, by the implicit function theory [3], the equation

Ba=7o(p)+ () B+ Ts (W) B2 +. .. 2.2)

as & direct consequence of the first equation of (1.4).

Here B, is a holomorphic function in the neighborhood of u = B, =0

»

yj(u) is holomorphic in the neighborhood of ' = 0. We note that 79(0)==0
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because B, has to vanish when p = 0. In this case the functions yj(u)
are representable in the form

(o]
T = ) My’ (/=012 ... (2.3)
i=0
The constants Mi‘ can be determined by substituting (2.2), with the
use of (2.3), in the first of Equations (1.4), and by equating to zero
the coefficients of equal powers of p and Dl. Thus one obtains the next
set of equations
(2.4)

2

0C\—1 ac 0Cy \— —3
M — o 227, FLARS 01,

2B, a=—"31\"38, Mo = — ( 9B,
801 -3 aCl aCl dCz 1 6201
M”=“(.aBo) [330 (Ca B, — & aBo> Tyl 330_2]
M ( aCl )"3[ 601 ( 601 602 = 801 9C, + c 3201 601 _ 9%C, 801 >:]
uU=""\"9B, 3B, \ 8B, 04, 94, aBo) 2(01302 34, 8A,0B, 9B,
M (BCl )_5[— ( 601 3 602 801 _ 6201 i 6301 801 C
0 =\"35, auo) 20( B, 0B, dB,? 2) 6 aBg 8B, “¥
1 82C, 9Cy\2  8C; / 9C, \3 C, \4
— 2 3Bz (aBo) + %5, (330) Cﬂ""‘(aBo)]
Mo' — ( 601 )_5[ 3 ( 6201 801 — 0201 601 )_ P 3 601 ]
3B, 1" \34,0B, 0B, 6Bt 04, " "3B,

etc.

Here we have used the notation

v _k[0C:  aC _L( o oc, 9 9C, \ ¢
Py =Py ('aBO," 6Ao)'— W\ 3ds 9B, T aB(,(_ aAo)] Cn

(k=1,2,“.)
P}‘__Pk(acl _ 601)__1_ 0 aCl + d (_ 601)]"0 n=1, 2,...
n=4n 8B, 04, k' | 04y 0By 9B, 04, n
Hence, for 52 we have
Ba = Myp 4 Mopp? + MyBy + Mgy + MupBy 4. .. (2.5)

Substituting this Expression (2.5) for Bz into the second equation of
the system (1.4), we obtain

Niop + Noopp?2 + NyypBir 4 NoaBi® + Naop® + Noap?Bs + NpgpBs® + NosBi® +. . .=0 (2.8)

It is obvious that the terms with B, must be absent from this equation
because

aC; \—1
No=—(35;) 8=0

Taking into account (2.1), we find that
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. ac, \2 8C, T
N°==“A'[2(‘a_30) aB‘o] +0

The remaining coefficients Nij can be computed quite easily. Thus,

6C, \—1
M= (5,
. aC; \72( 8Cy *l{acl 186 ., 8y 8C <ac1 2o ]__
“2°=<'aBo> (TaR;) B, |2 9B C" — 3B, 9B, ©* 0Bo> s
8C; [1 8Cy aC, 8ty . aCy \2 ”
~ 3B, [7 3B % — 3B, 9B, CZJF( 030) Cs)
. 8Cy 8C1\7I[., (8*C1 8C #C, 9C;  8C, 8C; _ #C1 8C ) n
’”“=<aBo 680) [ *( 3B 9A, T 34508, 3B, _ 0By 0As 94, 0B, 9B,

: ( ‘ Cy 8 a C .
8Cq (302 aC, aC, 98Cy aCg C, Cy & 1)] ete. (2.7)

+ 93, \ 84, 8B, B, 0A4s 04, 0A, 04, 9B,
one must find the implicit function Bl = Bl(u) from (2.6). Setting
M =0 in (2.6), we obtain

NoaBi? + NogB® +. . .=0 (2.8)

According to a theorem of Weierstrass on implicit functions [3.4],
the number of implicit functions Bl(u) determined by Equations (2.6) is
equal to the smallest exponent in the expansion (2.8) in powers of 51,
i.e. in the case of double roots of the equation of fundamental ampli-
tudes (Np, # 0), it is equal to two. Both implicit functions can be ex-
panded into convergent series either in integer powers of u, or in
powers of u1/2

[e o]
Bi= D) A, p*/! 1=1,2 (2.9)
n=1
where An/l are constant coefficients. In this case the different ex-
pansions cannot exist simultaneously. We shall consider the more interest-
ing cases.

1. If A, # 0, i.e. N}, # 0, then the expansion for [, has the form
(2.9) when I = 27 For the determination of the coefficients A1/2 and 4,
we have the following equations

NozAn/.2 + Nyp=20
2N02Ax/’A1 + Noan/za + jvllAn/z =0 (210)
2NeAy) Ay +. . .= 0

Taking into account the expressions for N02 and Nlo' we obtain from

the first equation of (2.10) two values for Al/2
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4w 2 96 80 A <2>=_]/ 2 9Cy 3Cy
Y, A¥ 8By 8B. 1/a A* 3B, 0B,
We are interested only in real expansions. In order that the expan-

sions may be real it is necessary and sufficient that

Ay 8Cy 8Cy

A* 3B, 9B, 7" @41)

On the basis of (2.4) we obtain the series (2.5) in the form

By == B,/’("')u'/2 -+ Bl(")p ... (k=1,2)
where
9C, ( 9C; \—1 aCy [ 9C; \—1
. S [ Y (@ _ ¥ [+ (2
By =—32, ( aBo) AP, B.,," =— 34, ( 2B,/ e
B,'%) = My + Mo 4,0 4 MmzA:/,(k)2 (k=1,2) etc

2. If A, =0, that is if Ny = 0, we shall make the substitution (3]
Bi=(v+an k=12 2.12)

in order to obtain the conditions for the existence of the expansions,
In (2.12) a, and ey denote the roots of the equation

S = Nm + Nua + Nozaz =0 (213)

Substituting Bl from (2.12) into (2.6), and dividing the resulting
equation by uz, we obtain

v (Nu + 2Nogay) + W (Ngo + Naay + Nyay? + Nosa, ) +
+ Noat® + po (Nay + 2N200, + 3Nosa,?) + w2L +. . .= 0 2.14)

All the terms which are not written down in this equation are of
degree higher than two in . Only the following cases can occur.

a) The roots of Equation (2.13) are simple, g, # a,. Then
as
(—t??)azak = Nu + 2Nua, +0

In this case the coefficient of v in (2.14) is not equal to zero, i.e.
there exists an expansion for v in integer powers of g

oo
v= 2 Apib" (2.15)

n=1
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where the An-fl are constant coefficients determined by means of the
system of equations:

A (Ny + 2Noaay) + Nso -+ Nmay +N 38,2 + Nose, 3= 0
As (Nu + 2Noaak)+. =0 ete.

This system, obviously, has a unique solution for a given ag. on the
basis of (2.12), (2.5) and (2.15) we obtain

B,® = pa, + Ag(k)pz +. .. k=112 (2.16)
Bo® = puBy® + B®lpa 4 |

where
B (k) Mm + Mmak, Bz(k) = Mza + MmAa(k) + MOﬁak2 + ZMoeakAz(k) + Muak

Hence, if the roots of Equation (2.13) are real and simple, we have
two expansions for ﬁl(u) and B,(W) in the form of series involving only
integer powers of u.

This case was considered in {2].

b) Next, let the roots of Equation (2.13) be real and repeated, i.e,
a; T a4y ¥ a. It is now obvious that

Nu +2N92& =0, an'— 4N30Nog‘—=0 (2.17}

Hence, the coefficient of v in Equation (2.14) vanishes,

Let us denote the coefficient of u in (2.14) by K. Substituting the
expression for a from (2.17) into K, we obtain

= (8N2)"? (BNos®N3p — 4Ny Ny Noo® 4 2N 15 N12Noz — NoaNy®)

Here
Nonm o Mt T8 b+ Sy 1 - T
+ ; 3;2 M+ 55 6% My +Cy
Nos = gf; Mos + aAi”ggoMu— ?:ga Modo + 5 ‘g:% +7 ai%o Mo +
+ 3 ajoggonm +5 ?;)s My
Ngg = %%—1 M21 +a: g;;o My + ‘?glz {(MuwMy + MM +

¢, #¢y 82,
+ aB Mu + 57,98 M ‘*‘2 B MuMon) + gt Mo +




1130 G.V. Plotnikova

0, aCs

ac
+ JBg MoMa+ 547 + 55

[}
301 C, 3¢y

Nn— 3B M +3A 6B M11+ aBz (M10M02+M01M11)+

aCs 1 8¢, ¢y
+ 38, Mo+ 7 54,598, M + 54, a5 MoMa +

1 80, 1 9*Ca 6’02 1

C
+2 5BsM01M10+2 aAz+ Skt 3

94,98, Mo + 5 355 Mo*

Suppose that K # 0. From (2.14) it can be seen that there exists an
expansion for v in the form of a series in powers of ul/2

5]

v = 2 A +2)/12p"/2 (2.18)

n=1

where A(",+2)/2 are constant coefficients determined by the equations

NogA,/'. + K = 0
2NwAy As + Nn Ay, + 2Nnad,, + 3Nosa 4, =

2NuAy Ay +...=0 ete. (2.19)

From the first equation of (2.19) we obtain A3/2, and we find that
A3 g # 0 since K # 0.

The remaining equations are linear in the unknowns. 4 A

2' T5/2
whose coefficients are equal 2N02A3/2. Since this quantity is different
from zero, Equation (2.19) has a unique solution.

We note that the first equation of (2.19) yields two values of A3/2

AM=VZENG', A4P=-V—KN;'

If these roots are to be real it is necessary and sufficient that
No,K < 0.

From Equations (2.12), (2.5) and (2.18) we obtain

B, ¥ = pa + A,/('k)p.'/' -+ Az(k)p.z +.ee
Bz(k) = PBx(k) + B,/(’k)p'/’ + Bz(k)l"a F...
where
B = My, + aMy, B, ( )= = M4, (k)
By = My + AS Mo, + Moza’ -+ Mua
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Hence, if K # 0, a; = a, and Ny K <0, then B, () and B,(u) will have
two expansions with real coefficients in powers of p 2

c) Suppose K = 0. Then the first equation of (2.19) yields the equa-
tion A3/2 = 0. The remaining equations of the system will become indeter-
minate. However, when K = 0 Equation (2.14) becomes

vaoz + 1124 (IV21 + 2N120 + 3N03a2) + }LZL +. L.=0

Hence, one obtains an equation of the type (2.6) with N10 = 0, which
can be investigated with the aid of the above described procedure and the
use of a substitution of the type (2.12).

It is easy to see that the forms of the expansions will depend in this
case on the multiplicity of the roots bi of the equation

R=1L + b (Nzl + 2N12(Z + 3N03f12) + b21VQg =0

If this equation has single roots, there exist expansions Bl(u) and
Bz(u) in integer powers of y; if the equation has multiple roots, then
one has to reconsider two cases, and so on. The analysis is analogous to
the preceding one. The indicated transformations, no matter how often
they are applied, always lead to an equation of the type (2.6) because
Nogy 7 0.

3. Let us assume that Equations (1.5) are identities. Then all the
derivatives of C1 and C1 with respect to A0 and B0 will be equal to zero.

Dividing the terms of Equations (1.4) by W4, we obtain
ac aC
C:+ _aTZ'Bl‘{‘T'%Bz'f‘CSF'i’“-:O
, . A
. aC, aC, . (3-1)
Ca-tk 54, B+ 55, B2t Capp 4. =0

If these equations are to be satisfied when p ~ 0, it is necessary and
sufficient that

Cy (27) =0, C(2n) =0 (3.2)

These equations serve in this case for the determination of the funda-
mental amplitudes, provided they do not reduce to identities. Equations
(3.1) can be written in a form analogous to (1.4) which was studied in
Section 2.

Obviously, if Equations (4.2) are identities then we shall have to
use the equations

C3(2m) =0, Cs(2m) =0
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for the determination of the amplitudes Ao and BO.

4. We shall next show how one can find in a practical manner the
periodic solutions of Equation (1.1), whose existence under certain con-
ditions was established in Section 2. It is easy to see from (1.2) and
(1.3) that the form of the expansion of the solution x(t, ﬂl, BZ, M) cor-
responds to the type of the expansions of Bl(u) and Bz(u) in terms of u.
Therefore, in the case of double roots of the equations of the funda-
mental amplitudes there exist real expansions of the periodic solutions
of the system (1.1) in the form

z()= D) Ty (O™ (4.1

n=1

where xn/l(t) are periodic functions, and ! is either one or two. There
exist no expansions in terms of fractional powers of u. Let us consider

all the cases of Section (2).
1. The solution is sought in the form of a series in powers of ul/z,

namely,
=2+ O+ P+ 2P0+ w=12

where xi(k)(t) (i =0, 1/2, 1, ...) are functions determined by means of
(1.2) and (2.9):

B, &
zl/ik) (t) = A‘/(zk) cos mt -+ n:, sin mt
. B,W
2, ® (1) = 4,% cos mt o sinmi 4 G (1) ete.

2. If the roots of Equation (2.13) are simple, then the solution has
the form (4.1) when I = 1.,

2® (1) =20 () + 21 ¥ (N p + 2P @ pt +. .
where

. 1
x5 (t) = ay cosmt + — (Mo + Muay)sinmt 4 Cy(¢)
1 .
2,9 (1) = Ay cosmt + r (Mo + Mady + Hea® + 2Meay Az + Mua,) sinmt -4

aC, (t aC, (¢
+Ca(t) + —71;4%)' a, + *‘é%:) (Mo + Maay) etc.

For multiple roots of Equation (2.13) when K # 0, we seek the solution
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in the form (4.1) with Il = 2.
2@ ) =20 (1) + &P 1) P+ 2P Op+. ..
where
2, (@) =0
%) () = a cos mt + :_z (M1 + aMy)sin mt + Cy (2) etc.
There will exist no real expansions (4.1) if,
1) The condition (2.11) is not satisfied;

2) One of the following cases occurs; either the roots of Equation
(2.13) are complex, or a; = a, and N,k > 0.

In case of double roots of Equation (1.5) there exist unique
expressions for the solutions in the form (4.1). In each case there exist
two periodic solutions corresponding to the two multiple roots of the
equations of the fundamental amplitudes. One can speak in this case of a
bifurcation of the solution of the generated equation.

All the series (4.1) that have been obtained converge for small values
of the parameter u. In this work we have not considered the question of
the stability of the obtained periodic solutions.
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